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 There are many works devoted to current harmonic generation in one-
dimensional superlattices (SL) (see [1 – 5]). The second harmonic generation 
(SHG) occurs in presence of DC electric field or other cause breaking initial 
inversion symmetry. In present work, we investigate SHG in SL under presence of 
the carrier density gradient ( n∇ ). We show that the SH intensity can be 
comparable with that of the current fundamental harmonic in that case.  
 We calculate the current along the SL axis driven by DC and AC electric 
fields  
1cos)( EEE +ω= tt , const1 =E  (1) 
and gradient  n∇ . All the vectors are directed along the SL axis, so that we have a 
one-dimensional quasi-classical problem (the fields are assumed to be non-
quantizing ones). With an additive energy spectrum, the electron distribution 
function is ( ) ( )txpftf x ,,,,, ⊥= prp , where p is electron quasi-momentum, ⊥p  is its 
component perpendicular to the SL axis. For brevity, we omit ⊥p  and write xp  as 
p below. The Boltzmann kinetic equation takes the form 
( ) ( ) ( ) ( ) ( ) ( )txpftS
x
txpfp
p
txpfteE
t
txpf ,,,,,,,, =∂
∂υ+∂
∂+∂
∂ , (2) 
where ( ) ( ) pp ∂ε∂=υ p , ( )pε  is electron energy, ( )tftS ,,rp  is collision integral. 
In many works on the electron transport in SLs, that integral is taken within the 
simplest τ -approximation [5]. In our case, such an approach meets with some 
principal difficulties. Therefore, we use a model Bhatnagar – Gross – Crooke 
integral 
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

 −τ= fn
nffSt
0
0
1 ,    ( const=τ ), (3) 
where  ( )p00 ff =  is equilibrium distribution function, ( ) 00 nf =∑
p
p  is equilibrium 
electron density and ( ) ( )tntf ,,, rrp
p
=∑  is nonequilibrium one. This integral obeys 
necessary condition 01
0
0 =

 −τ=∑∑ pp fn
nffSt . A continuity equation follows 
from Eqs. (2) and (3) 
( ) 0div1 =+∂
∂ t
et
n j , (4) 
where 
( ) ( ) ( )tfet ,,, rpprj
p
υ∑=  (5) 
is current density. 
 We seek solution of Eq. (2) with collision integral (3) as 
( ) ( ) ( )( ) ( )txptpf
n
txntxpf ,,,,,, 0
0
ϕ+= . (6) 
Here the function 
( ) ( ) ( )∫ ∫
∞− τ
′




′
′′′′−


τ
−′=
t tt
t
ttEepftttpf ddexp, 0
0  (7) 
obeys equation  
( ) ( ) ( ) ( )τ
−=∂
∂+∂
∂ 0000 ff
p
fteE
t
f   (8) 
and ( ) 0
0 nf =∑
p
 condition, while ϕ  is unknown function satisfying 
0=ϕ∑
p
condition.  
 Substituting Eq. (6) into Eq. (2) with Eqs. (4) and (8) taking into account, we 
obtain an equation for ϕ  function: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,, ,1,1,,,,,,,, 0
0


 υ∂
∂=τ
ϕ+∂
ϕ∂υ+∂
ϕ∂+∂
ϕ∂ − txnp
ex
tpf
n
txp
x
txpp
p
txpteE
t
txp txj  
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( )xjj = . 
(9) 
It can be found by direct substitution that the solution of Eq. (9) is 
( ) ( ) ( )
( ) ( )
( )
( ) ( )
( ) ( ) ( ) .tt
t
t
ttEept
teE
p
t
t
ttEep
xn
t
teE
p
t
t
ttEep
xj
e
t t
t
tttEepftt
xn
tx,p
τ>>′
′
′′′′−υ′′
ε
′
′′′′−ε
−
−















′′
ε−



′
′′′′−ε
+
∞−




′
′′′′′−


τ
−′
∂
∂=ϕ








 ∫









 −


 ∫
+
∫
∫∫
,dd,
d
,
d
1,dexp1, 0
0
 
(10) 
 In general, the solution (10) has a formal character, because the problem in 
consideration is to be solved by a self-consistent way together with the Poisson 
equation. Besides, the inhomogeneity source should be indicated. However, such a 
procedure is not necessary to evaluate the SHG efficiency. 
 We take the electron density gradient within linear approximation below. In 
that case, we obtain from Eq. (10)  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ,dd-1,,dexp1,, 0
0
0
0
t
t
t
ttEept
en
t
txn
t
t
tttEepftt
xn
txp j ′



′
′′′′υ′
∞−
′



∫
′
′′′′′−


τ
−′
∂
∂=ϕ 


 ∫−∫
(11) 
where  ( ) ( )tj 0  is the current density calculated with substitution ( )0f  function into 
Eq. (5). It can be seen that Eq. (11) satisfies 0=ϕ∑
p
condition. 
 It has been shown in Refs. 7, 8 devoted to one-dimensional diffusion from a 
plane source in bulk materials in presence of a high-frequency electric field, that  
( ) ( ) ( ) 00, nxntxn <<≈  approximation can be assumed in real situations with  ( ) ( )xn 0  
being DC component of the electron density. In that approximation, we obtain 
from Eq. (11) at constant temperature (T).  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) tt
t
ttEept
en
t t
t
tttEepftt
x
xn
n
txp j ′



∫
′
′′′′υ′
∞− 





∫
′
′′′′′−


τ
−′
∂
∂=ϕ 


−∫ dd-1,dexp1,, 0
0
0
0
0
. 
(12) 
Therefore, the function (6) with ϕ  function defined by Eq. (12) is the 
desired solution of Eq. (2). Substituting the f function into Eq. (5), we obtain  
( ) ( ) ( )tx,jtx,jtx,j d+= 0 , where ( ) ( ) ( ) ( ) ( ) 0000 nxntjtx,j = , dj  being the diffusion 
current density 
( ) ( ) ( ) ( )
x
xnteDtxjd ∂
∂−=
0
, , (13) 
( ) ( ) ( ) ( ) ( ) ( ) ( ) τ







−
′′′′−υ−
∞








−−
′′′′−
∞




τ
+
−υ= 







∑ ∫∫∫ ∫ 21
1
1
0
0
21
0
p0
dd
d-1
0
d
0
21exp1
ttt
tt
ttEeptt
en
t
ttt
ttEepf
tt
p
n
tD j  
(14) 
is electron diffusion coefficient. Drift current density ( )( )tj 0  has been calculated in 
Ref. 1. 
 The electron dispersion law in SL under tight-binding approximation takes 
the from 
( ) 

−+=ε =
dp
m
pp xzy cos-1
2
22
∆p , (15) 
where ∆2  is lowest miniband width, d is SL spatial period and m is in-plane 
electron effective mass in this case, the quasi-classical situation with the 
Boltzmann equation being valid is determined by following conditions: ω>> =∆2 , 
τ= , deEx , ( ) 00 nn∆d x∇ . The diffusion coefficient takes the from 
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( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ,ddddsind
0 0 0
sinexp
dd
ddsin
dsin
0 0
exp
2
]
[
3
321
1
31
21
p
321
01
2
21
21 1
21
p
21
0
0
0
τ






 −
−−
′′′′








−−
′′′′+
∞∞∞



τ
++−−
−τ







−− −
′′′′−′′′′+×
×








−−
′′′′+
∞∞



τ
+−=
∫∫
∫ ∫
∫
∑
∑
∫ ∫ ∫
∫ ∫
ttt
tt
ttt
ttEed
t
ttt
ttEedpd
ttt
pfС
ttt
ttt
t
tt
ttEedttEedpd
t
ttt
ttEedpd
tt
pf
n
D
tD
===
===
==
 
(16) 
where 2200 τυ=D , =d∆=υ0  is the maximal electron velocity along SL axis, 
=
dplСl cos= , angular brackets denote averaging over the equilibrium carrier 
distribution. For nondegenerate electron gas, ( ) ( )kTIkTIC ll ∆∆ 0= , ( )zIl  is 
modified Bessel function, k is Boltzmann constant. By substituting Eq. (1) into Eq. 
(6) we have 
( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( ) ]
[
3
321
3
1
311
21
1
21
3212
1
2
21
21
1
211
21
2
2
21
1
1
1
21
0
ddd
sinsinsin
sinsin
0 0 0
sinexp2
dd
2sin2sinsincos
0 0
exp
dd
sinsincos
0 0
exp
-
τ

 +−−ω−−ω×
×

 ++−−ω−ω
∞∞∞



τ
++−−
τ

 ++−−ω−−ω−ω
∞∞



τ
+−−
−τ

 +−ω−ω
∞∞



τ
+−=
∫ ∫ ∫
∫ ∫
∫ ∫
ttt
t
deE
tttatta
tt
deE
tttata
ttt
С
tt
tt
deE
tttattata
tt
С
tt
t
edE
ttata
tt
DtD
=
=
=
=
 
(17) 
where ωτ⋅≡ω=
1
0E
EdeEа = . By expanding the integrand in Eq. (17) into Fourier 
series, the diffusion coefficient can be written as  
( ) ( ) ( ) ( )∑∞
=
β−ω+=
1s
s
0 s tcosDDtD s , (18) 
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where ( )0D  is DC component. At 0=Ω  (18) does not contain even harmonics, in 
accordance with symmetry arguments. The analytical expressions for ( )0D  and ( )sD  
coefficients, which depend on τΩ , ωτ , 0EE and kT∆ , are rather unwieldy. So 
we consider some special cases. 
At 0=τΩ , 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )( )[ ] ( )( )[ ]
( ) ( ) ( ) ( ) ( )( ) ( )( )[ ] ( )[ ] ( )[ ]
( ) ( )( ) ( )( )[ ] ( )[ ] ( )[ ] ,ml lmmlaJ
ml
lmmlaJaJaJaJC
l
laJaJaJC
aJaJaJCaJ
D
D
lm
ml
l m s
ml
ll
ls
l
s
}
{
222
22
s
222
22
ss
2
1
22
2
s
0,0
s
s2
2
1s
2
0
2
02
2
0
0
0
s111
s1
s111
s1
s1s1
ss12
s1
122
ωτ+ωτ+ωτ+
ωτ−ωτ+−−
−ωτ+ωτ+ωτ+
ωτ−ωτ++−
−ωτ++ωτ+
ωτ+−−
−ωτ++−=
−+
−+
∞
−∞=
∞
−∞=
∞
−∞=
+
∞
≠≠
−∞=
∞
−∞=
∞
=
∑ ∑ ∑
∑ ∑
∑
 
(19) 
where  ( )bJ s  is Bessel function of the first kind. 
At 1>>ωτ ,  
( ) ( ) ( ) ( )( ) 


τΩ+
τΩ−τΩ+
−τΩ+τΩ+= 222
22
2
0
2
122
22
02
2
0220
0
1
4
41
1221
1
1 aJCaJCaJDD , (20) 
If AC field is absent ( 0=a ), then the result of Ref. 6 follows from Eq. (20) 
or (19):  
( ) ( ) 


τΩ+
τΩ−τΩ+
−τΩ+τΩ+= 222
22
2
122
22
2220
0
1
4
41
121
1
1 CCDD , (21) 
where τ=Ω 0EE1  is the Stark frequency. At 0=Ω , we obtain from Eq. (20)  
( ) ( ) ( )[ ]aJCaJDD 21 022000 −= . (22) 
The typical behavior of the diffusion coefficient DC component describing 
with Eq. (19) is shown in Figs. 1(а) and 2(а).  
It follows from Eq. (17) for second harmonic at 0=Ω   
 ( ) 222102 ggDD += ,   ( )122tg gg=β , 
( )1410216221 VVVV −−−≡ ССg ,   ( )1612214822 VVVV −−−≡ ССg , 
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( ) ( )[ ] ( ) ( )21 222 1
12V ωτ++≡ ∑
∞
= −+ l
aJaJaJ
l
lll
 ,  ( ) ( )[ ] ( ) ( )21 224 12V ωτ+
ωτ−≡ ∑∞
= −+ l
laJaJaJ
l
lll
, 
( ) ( )[ ] ( ) ( ) ( )( )( )( )[ ] ( )[ ],s l lslsls lls lslaJaJaJaJ∑ ∑∞−∞= ∞−∞= +−−− ωτ+ωτ−+ ωτ−++= 22
2
226 11
12V  
( ) ( )[ ] ( ) ( ) ( )( )( )[ ] ( )[ ]∑ ∑∞−∞= ∞−∞= +−−− ωτ+ωτ−+ ωτ−−= s l lslsls lls slaJaJaJaJ 22228 11 22V , 
( ) ( )[ ] ( ) ( ) ( ) ( )( )( )( )[ ] ( )[ ] ( )[ ]222
222
2210
111
31V ωτ+ωτ+ωτ−++
ωτ−−−+++= ∑ ∑ ∑∞
−∞=
∞
−∞=
∞
−∞=
+−+−−+
lsspl
lslpspslaJaJaJaJaJ psl
l s p
splspl
, 
( ) ( )[ ] ( ) ( ) ( ) ( )( ) ( ){ } ( )( )( )[ ] ( )[ ] ( )[ ]222
2
2212
111
1
V ωτ+ωτ+ωτ−++
ωτ−+ωτ−+ωτ+−= ∑ ∑ ∑∞
−∞=
∞
−∞=
∞
−∞=
+−+−−+
lsspl
slsplslaJaJaJaJaJ psl
l s p
splspl
, 
( ) ( )[ ] ( ) ( ) ( ) ( )( )( )( )[ ] ( )[ ] ( )[ ]222
222
2214
111
31V ωτ+ωτ+ωτ−++
ωτ++−−−+= ∑ ∑ ∑∞
−∞=
∞
−∞=
∞
−∞=
−−+−−+
lspsl
lslpspslaJaJaJaJaJ psl
l s p
pslpsl
, 
( ) ( )[ ] ( ) ( ) ( ) ( )( ) ( )( ) ( )( )( )[ ] ( )[ ] ( )[ ]222
22
2216
111
1V ωτ+ωτ+ωτ−++
ωτ++ωτ−+ωτ−−= ∑ ∑ ∑∞
−∞=
∞
−∞=
∞
−∞=
−−+−−+
lspsl
slpslslaJaJaJaJaJ psl
l s p
pslpsl
. 
                                                                                                                            (23) 
 The results describing by Eq. (23) are shown in Fig. 3 for some special 
cases. 
The fundamental harmonic of current ( )tx,j0  takes the form 
( ) ( ) ( ) ( )[ ] ( )100c10 cos, α−ω= tAnxnjtxj ,      ( )121tg aa=α , (24) 
where 
2
2
2
11 aaCA += , 
( ) ( )[ ] ( ) ( ) ( ) ( )( )( ) ( )[ ] ( ) ( )22222
22
1
111
41
12
ωττΩ−τΩ+ωτ+
τΩ−ωτ+ωτ+≡ ∑∞
=
−+
ll
llaJaJaJa
l
lll , 
( ) ( ) ( ) ( ) ( )[ ] ( )
( ) ( )
( ) ( )[ ] ( ) ( )22222
22
1
112102
41
12
1
12
ωττΩ−τΩ+ωτ+
τΩ+ωτ+−+τΩ+≡ ∑
∞
=
−+
ll
laJaJaJaJaJa
l
lll
, 
(25) 
00 nejc υ= .  
 Using Eq. (25), A as a function of 0EE  ratio is shown in Figs. 1(b) and 2(b) 
at the parameter values corresponding to Figs. 1(a) and 2(a). The ratio of the 
current second and fundamental harmonic amplitudes is 
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( ) ( ) ( )( )ADnxnD 00000 ∂∂τυ . At ( ) ( ) 100 −≈∂∂ Lnxn ( L  is diffusion length) that 
ratio is of order of ( ) ADLCD 0100 τυ . 
 Let us some estimates. At eV10 2−=∆ , cm10 6−=d  we have scm1070 ≈υ . 
At s10 12−=τ , сm10 4−=L , ∆kT 2≈ , 50.=ωτ , 0EE ≈ , ( )сmV6000 ≈E  the 
amplitudes of the fundamental and second harmonic become comparable (see Figs. 
2(b) and 3(b), curves 1). At temperature ∆kT 2>  situation for SHG becomes more 
optimal. 
 Similar results are obtained with the non-uniformity due to a temperature 
gradient. 
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             (а)                                                          (b) 
Fig.1 a) DC component of the diffusion coefficient and b) function A as functions  
         of AC field amplitude  0EE   at various values of  τΩ : 1 – 0;  2 – 0.5; 3 – 2; 
        ( 50.kT∆ = , 5=ωτ ). 
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             (а)                                                          (b) 
Fig.2 a) DC component of the diffusion coefficient and b) function A as functions  
         of AC field amplitude  0EE   at various values of  τΩ : 1 – 0;  2 – 0.5; 3 – 2;   
         ( 50.kT∆ = , 50.=ωτ ). 
 
 
 
 
             (а)                                                          (b) 
Fig.3 The second harmonic amplitude of the  diffusion coefficient ( ) 0
2 DD  as  
          functions  of AC field amplitude  0EE   at various values of   
          τΩ : 1 – 0; 2 – 0.5; 3 – 2;    ( 50.kT∆ = , a) 5=ωτ , b) 50.=ωτ ). 
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